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In this paper we provide a new expression for the variation of the inflaton field ∆φ during the
horizon crossing epoch in the context of single field slow roll inflationary models. Such an expression
represents a generalization of the well-know Lyth bound. We also explore the consequences of a
detection of permille order of the tensor-to-scalar ratio amplitude, r, as well as an improvement
on the estimation of the scalar spectral index, ns and its running αs, by the upcoming cosmic
macrowave background (CMB) polarization experiments that will provide plausible constraints on
the quantity ∆φ during the horizon exit moment. In addition we discuss the relation between the
local variation of the field and the possibilities of an eternal inflation. The results of the analysis
are completely model independent.
I. INTRODUCTION
The inflationary stage is the widely accepted mech-
anism to explain the physics of the early universe [1].
The simplest and most promising version involves a sin-
gle field slow-roll inflation where an ordinary scalar field φ
(neutral, homogeneous, minimally coupled to gravity and
canonically normalized) explores an appropriate effective
potential V (φ) to realize a quasi de-Sitter evolution of
the spacetime, if the slow roll condition φ˙2 ≪ V (φ) holds
long enough. This scalar field is often called inflaton
field and the function V (φ) is the inflationary potential.
Although inflation explains several features of our uni-
verse (absence of monopoles, flatness, homogeneity and
isotropy, adiabatic and scale invariant fluctuations) we
need to address and resolve compelling open issues. One
of these is the nature of the scalar field φ and the size of
the distance covered by φ during inflation, ∆φ. Several
authors used to say that a trans or super-planckian ex-
cursion of the inflaton field, ∆φ > Mp could be very prob-
lematic especially from the standpoint of the low energy
effective field theory (EFT) with a given Planck cut-off
[2–4]. However, in the last years it has been shown that
the question is not general: the well-known α-attractor
models of inflation do not suffer from this problem. In
any case, Lyth derived a bound (see [2]) for the value as-
sumed by ∆φ in terms of the amplitude r of the primor-
dial gravitational waves produced during inflation (in the
context of slow-roll inflationary models). This quantity
is known as Lyth Bound and represents an estimation of
∆φ at horizon crossing: ∆φH.c.. In the last years, dif-
ferent studies concerning the variation of the field and
the Lyth bound itself have been done [5–7]. In future,
foreseen CMB polarization missions ([8–12]) and grav-
itational waves experiments ([13]) will constrain cosmo-
logical observables better than the current available data,
[14, 15]. In particular, they will be able to explore values
of r of the order of 10−3 and to reduce the uncertainty
on ns and αs better than a factor 3. Therefore, in this
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paper we provide a new slow-roll expansion of the stan-
dard Lyth bound to take into account our (current and
foreseen) knowledge about the scalar spectral index, ns,
and the running of the scalar spectral index, αs. Then,
we present plausible constraints on ∆φ at horizon cross-
ing with respect to future cosmological results. The es-
timation of the running of the scalar perturbations, αs,
could be important to evaluate the possibility of an eter-
nal inflation (see [16–19]), as outlined by W.Kinney and
K.Freese in [20]. Therefore, we will discuss the implica-
tion of an eternal inflation on the local variation of the
field. The paper is organized in the following way. In
Sec. II we summarize the problem of the variation of the
field and we introduce the standard definition of Lyth
Bound and finally, we use the inflationary flow equations
to generalize the Lyth formula. In Sec. III we discuss
what we can expect on ∆φH.c. in view of future polariza-
tion missions and we explore the relation between eternal
inflation and ∆φH.c.. Finally, Sec. IV is dedicated to our
findings. In this manuscript we use the particle natural
units, c = ~ = 1, mp indicates the Planck mass and Mp
is the reduced Planck mass, with M2p = m
2
p/8π.
II. SLOW ROLL INFLATION AND THE
VARIATION OF THE SCALAR FIELD
A. Effective field theory, super-planckian
excursions and Lyth Bound
The dynamics of a slow roll inflationary universe can
be described within a Hamilton-Jacobi picture by the
following system of coupled equations:
V (φ) = 3M2pH
2(φ) − 2M2pH ′(φ), (1)
φ˙ = −2M2pH ′(φ) (2)
where we can assume φ˙ < 0 and H ′(φ) > 0. As re-
marked in Sec. I, we have a quasiexponential evolution
of the spacetime. At the same time, the scalar field gets
a slow evolution (over the first stage of inflation) because
2φ˙2 ≪ V (φ). At first order, the resulting dynamics is well
described by the first two Hubble slow roll parameters:
ǫ(φ) = 2M2p
(
H ′(φ)
H(φ)
)2
, η(φ) = 2M2p
(
H ′′(φ)
H(φ)
)
(3)
where
√
ǫ > 0 if φ˙ < 0. The nature of the scalar field φ
is an open issue: it could be a fundamental particle field
(for instance, an Higgs field [20]) or an auxiliary field
emerging from a modification of gravity (for example,
Starobinisky R2 model or its extensions [21, 22]). In any
case it is common believed that the inflaton could be an
effective light scalar degree of freedom in a low energy-
limit description of some more fundamental quantum
gravity cosmological theory. This piece of evidence led
people to make the following observations. We can think
inflation as emerging from a low energy effective field the-
ory (EFT) with some Planck cut-off Λ. Therefore, the
corresponding effective (slow roll) inflationary lagrangian
is obtained integrating out the Planck-scale (quantum
gravity) degrees of freedom (see [23] for a review). As
a result, the slow roll effective potential V (φ) receives
an infinite number of corrections, given by Planck sup-
pressed operators O(n) [2–4]
L(φ, ∂µφ) = −1
2
∂µφ∂
µφ− V (φ)
[
1 +
∞∑
n=1
O(n)
Mn−4p
]
(4)
= −1
2
∂µφ∂
µφ− V (φ)
[
1 +
∞∑
n=1
λn
(
φ
Mp
)n]
.
In particualar, the operators O(n) result in power of
φ. The λn are the Wilson coefficients, typically of order
1. This means we have an infinite number of corrections
of the same order. Now, as stressed by different authors
(see [2, 3]), if the scalar field assumes subplanckian val-
ues, φ ≪ Mp, i.e is small, the series is asymptotically
convergent. This suggest we can describe inflation by
an EFT whether ∆φ ≪ Mp over the entire inflationary
history. On the other side, if the field takes on trans or
super-Planckian values, φ > Mp, the series is divergent.
Then, under this condition, an EFT-description of infla-
tion it is hard to realize because higher-order operator
terms become important and the balance between the
shape and the height of the potential is not guaranteed
(see again [2, 3]). For example, operator terms of the
form:
∆V2(φ) ∼ V (φ) φ
2
M2p
(5)
contributes to the slow roll parameter η with order 1 not
providing a sufficient amount of inflation (this is the so
called η-problem, [23]). At this point, as summarized in
[23], we can make a sense to the EFT slow roll models
only if the Wilson coefficients are small, λn ≪ 1. This
is a distinct possibility if we introduce a symmetry for
the effective lagrangian with the prescription that such a
symmetry is also recognized in the UV completion of our
EFT (e.g. in superstring theory, [24, 25]) to ensure that
it is also realized even at the fundamental Planck-scale
[26]. A typical example is the shift symmetry. Indeed
shift symmetry is not broken by perturbative corrections
of quantum gravity. In principle, it could be broken by
nonperturbative effects although they are so small to re-
sult negligible [27]. Actually, other authors like Linde
(see [28] for a review), state that the problem of ∆φ-size
and therefore the values assumed by the scalar field is
a relative question. In fact, one should just make sure
that the energy density is sub-Planckian, V (φ) < M4p in
order to avoid quantum gravity effects (while the field
can still assumes larger values in Planck units). How-
ever, the current state of the art is a little bit different.
For instance, in the last years A.Linde, R.Kallosh and
others developed a new important class of inflationary
models called α-attractors models which the most ad-
vanced version is realized in the supergravity framework
[29]. These models are characterized by an asymptotic
flatness region for large value of φ and they interpolate
a broad range of predictions in the (ns, r)-plane. Fur-
thermore, they do not suffer from the problem discussed
before because the asymptotic flatness of the inflationary
potential is preserved by dangerous quantum corrections
as shown in [30]. However, the excursion of the scalar
field ∆φ over the inflationary phase shows a lower limit
thanks to Lyth [2]. This limit can be derived using dif-
ferent approach. One way is to consider the Eq.(2) and
rewrite the derivative with respect to time in a derivative
with respect to the number of e-foldings N . As a result,
we get:
dφ
dN
=
√
2Mp
√
ǫ(φ). (6)
This equation is particularly important because allows to
reword a φ-type derivative in a N -type derivative. Note
that this quantity is modulated by the first slow roll pa-
rameter ǫ. The slow roll condition for the inflaton dy-
namics implies r ∼ 16ǫ and both of these parameters are
slowly varying. Then, the variation of the field along the
horizon crossing period can be written as:
∆φh.c.
Mp
=
√
r
8
|∆N | or ∆φh.c
mp
=
√
r
64π
|∆N |. (7)
Nevertheless, the observable scales from which we deduce
the value of or the bounds for the inflationary parameters
like ns, r, αs, ..., correspond to multipoles 2 < l < 100.
These scales leave the Hubble horizon RH = 1/H along
a period of ∆N ∼ 4 e-foldings. Therefore, we can state
that the total excursion of the scalar field is larger than:
∆φ
mp
≥
√
r
4π
. (8)
This result is model dependent in the sense that, each
model of inflation is characterized by a minimal excursion
modulated by the amplitude r. Let us assume that the
3number of e-foldings between the horizon crossing epoch
and the end of inflation epoch is N∗ ∼ 60. Then, for a
quadratic potential V (φ) ∼ m2φ2 we have:
∆φh.c.
mp
∼ 0.1 (9)
while for a quartic potential V (φ) ∼ λφ4 the correspond-
ing variation is
∆φh.c.
mp
∼ 0.14. (10)
Note that, we have to keep in mind that different poten-
tials can produce the same r and so the same ∆φ. On
the other hand, a precise detection of the tensor-to-scalar
ratio plays an important role to determine the minimal
displacement of the field beyond the specific model. How-
ever, the Lyth Bound is a first order result. In the future,
different cosmological missions aim to improve the cur-
rent knowledge about the inflationary parameters. In this
respect, we want to generalize the Lyth Bound in order
to include the ns and αs contributions and exploring so
possible constraints on ∆φH.c. at next orders.
B. Generalizing Lyth Bound
In this section we aim to derive a higher order expres-
sion of the Lyth Bound. To reach this goal, the slow roll
parameters and the related inflationary flow equations
are the fundamental tools. The Hubble slow roll param-
eters are defined by the following hierarchy of variables
[31]:
ǫ(φ) = 2M2p
(
H ′
H
)2
(11)
β(n)(φ) = (2M2p )
n
[
H ′n−1H(n+1)
Hn
]
(12)
where η = β(1), ξ2 = β(2), σ3 = β(3) ... with
√
ǫ > 0 for
φ˙ < 0, as remarked in Sec. II. The slow roll parameters
are not constant in general but they change as the scalar
field evolves. However, as explained by Easther, Kinney
and Powell in [3], the evolution of the slow roll parame-
ters could be very slow (for example during the horizon
crossing epoch) in some phases of inflation compared to
other moments (the last e-folds of inflationary expan-
sion). Mathematically, the evolution of the βi(φ) are
well-described by the system of inflationary flow equa-
tions, in which, for sake of convenience, the slow roll pa-
rameters are suitably expressed as functions of the num-
ber of e-foldings. In particular, we can write
dǫ
dN
= 2ǫ(η − ǫ) (13)
dη
dN
= ξ2 − ǫη (14)
dβ(n)
dN
= [(n− 1)η − nǫ]β(n) + β(n+1). (15)
Greater details can be found in references [32, 33]. At
this point, we can follow the method used in [3] and write
down a Taylor expansion of the scalar field (as a function
of the number of e-foldings) around the horizon crossing
of the observable scales
φ(N) = φ(N∗) + φ
′(N∗)∆N +
1
2!
φ′′(N∗)∆N
2 + ...(16)
where ′ indicates a derivative with respect to N and
∆N = N − N∗ Assuming again that φ is decreasing
along the inflationary evolution and that N∗ > N , we
can rewrite the Taylor expansion as follows:
∆φ = +φ′(N∗)|∆N | − 1
2!
φ′′(N∗)|∆N |2 + ... (17)
where ∆φ = φ∗ − φ and |∆N | = −(∆N). Generalizing,
we have
∆φ =
∞∑
n=1
cn|∆N |n, cn = (−1)n+1φ(n)(N∗). (18)
The first order derivative of the expansion is the previous
basic equation, Eq.(19)
dφ
dN
=
√
2Mp
√
ǫ(φ). (19)
Using the flow equations we can derive the higher order
derivatives of the field in terms of the slow roll parame-
ters. For example, next orders result in
d2φ
dN2
=
√
2Mp
√
ǫ (η − ǫ) , (20)
dφ3
dN3
=
√
2Mp
√
ǫ
(
3ǫ2 + η2 − 5ǫη + ξ2) (21)
and
dφ4
dN4
=
√
2Mp
√
ǫ
[
f1(ǫ, η, ξ
2) + f2(ǫ, η, ξ
2, σ3)
]
(22)
where
f1(ǫ, η, ξ
2) = (η − ǫ)(15ǫ2 + η2 − 15ǫη + ξ2), (23)
f2(ǫ, η, ξ
2, σ3) = (ξ2 − ǫη)(2η − 5ǫ)
+ξ2(η − 2ǫ) + σ3. (24)
Here σ3 is the fourth slow roll parameter. At this point,
we can calculate the derivatives at horizon crossing mo-
ment t∗ (or N∗, let us say). In doing so, we have to
reword the slow roll parameters in terms of the inflation-
ary observables. At first order, we have
ǫ ∼ r
16
, η ∼ 1
2
(ns − 1) + r
8
(25)
and
ξ2 ∼ 5ǫη − 4ǫ2 − 1
2
αs. (26)
4Substituting these information in the expansion Eq.(18)
with |∆N | ∼ 4 e-folds, we have (at the third order, for
instance)
∆φh.c
mp
∼
√
r
4π
{
Π0 −Π1 −Π2 + ...
}
(27)
where:
Π0 = 1 (28)
Π1 = (ns − 1) + r
8
(29)
Π2 =
8
3
( r
16
)2
− 8
3
[
1
2
(ns − 1) + r
8
]2
+
4
3
αs (30)
where Π1 = Π1(r, ns), Π2 = Π2(r, ns, αs). The first term
of the expansion is the standard Lyth Bound. The second
order term, linear in ns, is the result found by R.Easther
et all in [3]. Finally, the last term is the new corrections
that take into account the contribution of the running
of the scalar spectral index and the quadratic order in r
and ns. Note that, the contribution of αs in our formula
appears with a negative sign
∆φh.c
mp
∼ −4
3
αs (31)
Therefore a negative value for αs pushes the local varia-
tion ∆φ to larger values. On the contrary, if αs results
to be positive, the excursion receives a negative contri-
bution. In the next section, we use our third order result
to explore the constraints we may have on the variation
∆φh.c in terms of the expected results of next generation
experiments and we discuss the implication of an eternal
inflation on the variation of the field.
III. WHAT WE CAN EXPECT BY UPCOMING
COSMOLOGICAL MISSIONS?
A. Monte Carlo simulation
The current state-of-the art for the values of the main
inflationary parameters is the following (for detailed pa-
pers see [11, 12]:
ns = 0.9680± 0.006, r < 0.07 at 95% C.L. (32)
and
αs =
dns
d ln k
= −0.0033± 0.0074 (33)
However, the above limits could rapidly improve in the
close future due to the next generation of cosmologi-
cal experiments, like polarization missions of the cosmic
macrowave background (CMB) or gravitational waves
(GW) detection missions. These new missions aim to
improve the knowledge on ns and αs and to probe scales
of the order of 10−3 for the tensor-to-scalar ratio ampli-
tude, r (or better in the best scenario, [8–13]). In this
regard, we investigate the variation of the field over the
first 4 e-folds (more or less) of inflationary expansion. To
do this, we consider a multivariate Gaussian G(r, ns, αs)
distribution for the parameters (r, ns, αs) with
1. µr = 0.003, 0.004, 0.005
2. µns = 0.9620, 0.9650, 0.9680
3. µαs = −0.0005,−0.0015,−0.0025
with uncertainties σr = 0.0001, σns = 0.002, σαs =
0.0023, respectively. Furthermore, we set to zero (for
simplicity) all the correlation coefficients: ρrns = ρrαs =
ρnsαs = 0. In Table I, we report the simulation re-
sults for the size of ∆φh.c for the three different as-
sumed values of the tensor-to-scalar ratio. In this case,
we report the results for all of the three expressions
∆φh.c(Πi). On the other side, in Table II and in Ta-
ble III we skip the term ∆φh.c(Π0) and ∆φh.c(Π1), re-
spectively. This is due to the structure of the expres-
sions. Furthermore, Fig.(1) and in Fig.(2) show the re-
sulting distribution functions for the minimum value of
∆φ supposing a detection of primordial tensor modes
given by a forthcoming CMB baloon polarization mission
or GW mission while Fig.(3) and Fig.(4) report the as-
sociated dispersion relations ∆φh.c(Π1)/∆φh.c(Π0) and
∆φh.c(Π2)/∆φh.c(Π0), respectively. In both cases, we
assume the current data for the sampling of ns and αs.
Now, these Monte-Carlo simulations show a couple of
properties. First of all, we can deduce from Table I the
inclusion of the scalar spectral index ns and the running
αs produces a larger ∆φh.c. Second, the 1-σ∆φh.c-value
turns out to be larger as the slow roll reconstruction be-
come deeper. Somehow, this is an expected result and it
is originated by the introduction of more uncertainty due
to the new parameters. On the other hand, Table II tells
us that the variation of the field become smaller as ns in-
creases. In fact, the scalar spectral index, always appears
in the ∆φh.c expression like 1 − ns. Therefore, when ns
gets larger values, the previous term approaches to zero
so it is a subdominant contribution. The last table (Ta-
ble III) shows that a bigger running index (in modulus)
implies a larger excursion because of Eq.(31).
B. Lyth Bound and eternal inflation
The inflationary mechanism could lead to a very in-
teresting and spectacular consequence: an infinitely self-
reproducing state commonly called eternal inflation. The
eternal inflation process was firstly outlined by A.Linde,
P.Steinhardt and A.Vilenkin (see [16, 17]) in the frame-
work of new inflation. Afterwards, A.Linde realized that
such a mechanism could be also possible in the chaotic
inflationary scenario [18] (see also, [19] for greater de-
tails). In this second case, the eternal inflation stage is
laid down when the inflaton field explores a region Σ of
the inflationary potential in which quantum fluctuations
of the field δφ are larger then the classical variation ones,
5∆φ. This leads to a very interesting implications about
the amplitude of the metric perturbations as pointed out
by A.Linde in the second of references [19] and summa-
rized in [34, 35]: the power spectrum of the scalar metric
perturbations must exceed the unity on those physical
scales related to Σ
Ps(k) = As
(
k
k∗
)f(k,k∗)
> 1 for all k ∈ IΣ(k) (34)
where IΣ(k) is the set of scales k related to the portion Σ
of inflationary potential, k∗ is the pivot scale for probing
the cosmological parameters and the function f(k, k∗) is
given by
f(k, k∗) = (ns−1)+αs ln
(
k
k∗
)
+βs ln
2
(
k
k∗
)
+ ... (35)
in which βs and the higher order terms represent the
running-of-the-running, the running-of-the-running-of-
the-running and so on. Who is IΣ(k)? We should note
that the current cosmological results show a very low As
(As ≃ 2.2× 10−9, see [14, 15]) therefore we can be fairly
confident the observable and accessible region of V (φ)
does not provide an eternal inflationary epoch. Then,
we can expect an increase (at least) of the order of 109
on Ps(k) only at extremely large scales k ≪ k∗, beyond
our horizon in principle. How can we get Ps(k) ≥ 1? In
general, we can get such a condition by proper choices
of the function Eq.(35), i.e., by proper choice of the cos-
mological parameters. Then, if we truncate the series at
higher orders, the condition Eq.(34) is provided by a large
number of choices, generally. However, we may imagine
that the power spectrum is modulated only by the scalar
spectral index and by a non null and constant αs:
αs 6= 0, and dαs(k)
d ln k
= 0 (36)
From this point of view, one can use the running as the
only degree of freedom or “temperature parameter” to
study the transition to a blue spectrum P (k) > 1. We
can call the threshold value of the running preventing the
eternal inflation, α∗s and find [35]:
α∗s =
(1− ns)2
4 lnAs
(37)
Therefore, we may argue that:
αs < α
∗
s eternal inflation does not occur (38)
αs > α
∗
s eternal inflation occurs (39)
For instance,
ns ∼ 0.9620, α∗s ∼ −1.8109× 10−5 (40)
ns ∼ 0.9650, α∗s ∼ −1.5363× 10−5 (41)
ns ∼ 0.9680, α∗s ∼ −1.2842× 10−5 (42)
In the previous section we derived an expression of the
Lyth Bound in terms of αs. Then, we can distinguish
which are the minimum variations of the field related to
an eternal inflation (EI) stage with respect to those are
not:
∆φh.c(αs < α
∗
s) no EI-related variations (43)
∆φh.c(αs > α
∗
s) EI-related variations (44)
In Fig.(5) we report the third order expression of ∆φH.c.
as a function of αs for different detections of primordial
gravitational waves. In addition, we outline the range
of the possible EI-related ∆φH.c. at horizon crossing of
quantum modes. In the next section we will discuss the
reasonableness of these discussions.
FIG. 1. Distribution functions for the minimum excursion of
the scalar field during inflation, ∆φh.c, for the three different
slow roll expansions. Here, we have supposed a tensor-to-
scalar ratio amplitude of the order of µr ∼ 3 × 10
−3 with
ns = 0.9680, αs = −0.0033
FIG. 2. Distribution functions for the variable ∆φh.c for the
three different slow roll expansions. In this case, we have
supposed a detection of primordial GW of the order of µr ∼
5× 10−3 with ns = 0.9680, αs = −0.0033
6µr ∆φh.c(Π0) ∆φh.c(Π1) ∆φh.c(Π2)
0.003 0.01545 ± 0.00026 0.01598 ± 0.00027 0.01605 ± 0.00028
0.004 0.01784 ± 0.00022 0.01846 ± 0.00024 0.01853 ± 0.00024
0.005 0.01995 ± 0.00019 0.02063 ± 0.00021 0.02072 ± 0.00022
TABLE I. Simulation results for the variation of the inflaton field at horizon crossing for the three different order of slow roll
approximation. Here, the scalar spectral index and the relative running are fixed to ns = 0.9650 and αs = −0.0025, respectively.
As one can see, the introduction of ns and αs implies a larger excursion.
FIG. 3. Dispersion plot for the ratio ∆φ(Π1)/∆φ(Π0) in the
case of a detection of r ∼ 3 × 10−3 with ns = 0.9680, αs =
−0.0033.
FIG. 4. Dispersion plot for the ratio ∆φ(Π2)/∆φ(Π0) in the
case of a detection of r ∼ 3 × 10−3 with ns = 0.9680, αs =
−0.0033.
IV. THEORETICAL IMPLICATIONS AND
CONCLUSIONS
This analysis is performed using an extension of the
standard Lyth formula for the variation of the field about
the horizon crossing epoch of quantum modes. The com-
putation of the expansion has been done likewise the lo-
FIG. 5. Third order Lyth Bound as a function of the running
αs. In this case we consider ns ∼ 0.9680 with a threshold
value αs ∼ −1.2842 × 10
−5. Possible eternal inflation phases
are associated with smaller variations of the field at horizon
crossing of quantum fluctuations.
µns ∆φh.c(Π1) ∆φh.c(Π2)
0.9620 0.02069 ± 0.00021 0.02078 ± 0.00022
0.9650 0.02064 ± 0.00021 0.02071 ± 0.00022
0.9680 0.02058 ± 0.00021 0.02065 ± 0.00023
TABLE II. Simulation results for the variation of the inflaton
field at horizon crossing for the second and third order of slow
roll approximation. Here the tensor-to-scalar ratio is fixed to
r = 0.005 while the running is fixed to be αs = −0.0025.
In this case, the variation of the field in which ns appears,
become smaller as ns increases. This is due to the term 1−ns.
µαs ∆φh.c(Π2)
−0.0005 0.02067 ± 0.00022
−0.0015 0.02069 ± 0.00022
−0.0025 0.02072 ± 0.00022
TABLE III. Simulation results for the variation of the inflaton
field at horizon crossing for the three different values of the
running αs. In this table we report the results for the higher
order expression because is the only one in which αs appears.
The size of the variation is pushed toward smaller values (in
modulus) for very low values of the running.
7cal reconstruction of the effective inflationary potential
around φ∗ [36]. The first step is to introduce higher or-
der terms in the slow roll picture and then, reword them
in terms of the cosmological variables. In particular we
derived a third order expansion for ∆φh.c. The Eq.(31)
shows a linear dependence on αs and it turns out to be
decoupled by the other inflationary parameters. This
is because there is not coupling between the third slow
roll parameter, ξ2, and the first two slow roll parameters
[cfn. Eq.(21)]. It is straightforward to imagine that a
hypothetical fourth order term will introduce a coupling
between the running αs and r and ns and in addition
it will introduce the higher order variables dαs/d lnk.
In this work, we performed Monte Carlo simulations as-
suming possible results of a single foreseen cosmological
experiment. Morever, several new experiments have been
proposed (see Sec. I for references). Therefore, we could
combine the related results to get more accurate estima-
tion on the main cosmological parameters (r, ns, αs), on
some fundamental reheating variables (like the number
of e-foldings during reheating stage Nreh or the final re-
heating temperature, Treh), and finally on ∆φh.c.
Mathematically, constraining the variation of the scalar
field at horizon crossing is particularly important because
provides a lower limit for the total excursion of the field.
At the same time, we can observe the contribution of the
observable quantities to ∆φ. Constraining little varia-
tions of ∆φh.c in terms of Mp (or mp), does not imply
a sub-Planckian total variation of field. This is because
the last e-folds provides a large contribution on the total
variation as reported in [3]. The size of the minimum
variation of the scalar field can be related to a hypothet-
ical eternal inflation. In the simplest scenario, follow-
ing W.H.Kinney and K.Freese [35], one can argue that
a constant negative running αs can prevent an eternal
inflationary phase to occur. Since, at third order in the
slow roll expansion, the variation of the field around the
horizon crossing gets dependence in αs we find that is
possible to split ∆φH.c. in two classes: one associated
with the occurrence of the eternal inflation phase and
one not. However, we should underline a couple of im-
portant questions about these results. First of all we do
not have any guarantee that the function Eq.(35) is well
described only by constant αs (and ns). In other words,
we cannot be sure that a dramatic change (or not) of the
order of magnitude about P (s) is only related to the sin-
gle running αs parameter. In principle, the higher order
terms may play an important role (see [35]) and so we
should generalize the procedure. On the other side, we
cannot measure the running as well as any other cosmo-
logical variables outside our horizon, so it is also plausible
that there is no observation can tell us if eternal inflation
takes place or not. From this point of view, it is impor-
tant to stress that a discussion about the relation between
∆φH.c. and eternal inflation is still speculative. Surely,
one can think that eternal inflation can be occur inside
our horizon scale. In that case we should have observable
consequences such as a natural and strong production of
black holes. In our analysis we adopted a single field
slow roll version of inflation as the paradigm of the early
universe. This scenario could be confirmed and strength-
ened in the close future. Nevertheless there is still room
(although little) for non-trivial signature of inflation. In
this respect, the standard definition of Lyth Bound for
the minimum variation of the scalar field is not more con-
sistent as well as any kind of its slow roll generalizations.
Then we need a new definition of ∆φ during the horizon
crossing of quantum fluctuations. This problem has been
approached for example by Baumann and Green in [37],
in the context of general single field model (P (X)-model,
[38]) using the Goldstone picture of effective field theory
of inflation (see [39]).
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